Theoretical Study of Interfacial
Transport in Gas-Liquid Flows

Mass transfer in sheared, concurrent gas-liquid flows is investigated
theoretically using solutions to the unaveraged advection-diffusion
equation. For sufficiently thick films, the resistance to mass transfer is
shown to be confined compietely within a thin region in the liquid near
the interface and mass transfer coefficients are accurately predicted by
an improved numerical technique that uses a velocity field derived from
an Orr-Sommerfeld equation with the time-varying velocity computed
directly from measurements of interfacial waves. The mass transfer
coefficients are shown to depend on the magnitude and frequency con-
tent of the velocity fluctuations normal to the interface. As the film thick-
ness decreases, transfer resistance extends throughout the film and
turbulent mixing in the middle of the film controls the transfer rates. For
this region, limiting values of transfer coefficients are predicted well by
analytical solutions to the advection-diffusion equation, which assume a
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laminar flow.

Introduction

Overview

For the absorption of slightly soluble gases or the condensa-
tion of a pure vapor onto a subcooled liquid, the primary resis-
tance to transport lies in the liquid phase and as a consequence,
transfer rates are controlled by the liquid velocity field in the
near vicinity of the interface. At the interface a thin (as small as
10~*m for a sheared gas-liquid interface) concentration or ther-
mal boundary layer will occur in which a balance exists between
convective and diffusive modes of transport. If the flow is irregu-
lar in space and time, it is expected that the effectiveness of indi-
vidual velocity fluctuations on mass (or heat) transfer will
depend upon their size and duration as well as their magnitude.
The resulting average transport rate and the temporal and spa-
tial scales of the concentration fluctuations will be the result of
the combined effects of forcing due to velocity fluctuations and
smoothing caused by diffusion. Time-averaged advection-diffu-
sion equations that use eddy diffusivities to account for scalar
convection cannot accurately describe this balance because they
neglect the inherent dynamical nature of the problem.

Efforts to achieve an understanding of the diffusion-convec-
tion balance and exactly how the fluctuating flow field controls
mass transfer have been limited by the small size of the region,
which prevents direct measurements of either the velocity fields
or the concentration fields. Until these experimental limitations
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are overcome, research to improve the understanding of the
basic physics of interfacial mass transfer must rely on solutions,
either analytical or numerical, of the governing mass balance
equation using the best available representations for velocity
fields.

In the present paper, absorption of a slightly soluble compo-
nent from a turbulent gas flow into a sheared liquid film where
the surface is covered by nonbreaking waves is examined. These
films exhibit mass transfer rates that are generally an order of
magnitude larger than those for unsheared films. In order to
understand the reason for these increased rates, one must con-
sider the hydrodynamics in the vicinity of the interface resulting
from the interaction of surface waves with the turbulent gas
flow, as well as velocity fluctuations which are part of the bulk
flow of the liquid.

Figure 1 depicts the gas-liquid flows to be discussed. Concur-
rent (or countercurrent) gas flows over waves existing at the sur-
face produce mean and fluctuating shear stresses. The mean
shear stress 7 at the interface is related to the friction velocity
v*, by 7 = p,v*, where p, is the liquid density. The interfacial
concentration of the solute is ¢¥. Slightly soluble solute A
desorbs or absorbs into a liquid film of dimensionless thickness
m, characterized by a Schmidt number, Sc, of order 10? or
greater. The Schmidt number is defined as »/D, where » is the
liquid kinematic viscosity and D the molecular diffusivity of A
in the liquid. The gas flow is highly turbulent, with a gas Reyn-
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Figure 1. Gas-liquid flow diagram.

olds number Reg typically of order 10%, and the film hydrody-
namics will be comprised of a spectrum of secondary flows
superimposed on a mean velocity profile, U(y). It is the magni-
tude and frequency content of the secondary flow field that will
transiently distort the concentration boundary layer region to
produce mass transfer rates larger than the pure diffusional val-
ues.

Previous work

Experimental studies. The absorption of a slightly soluble gas
into a liquid sheared by concurrent gas flow has been studied
experimentally by numerous investigators. Mattingly (1977),
Aisa et al. (1981), McCready and Hanratty (1985), Henstock
and Hanratty (1979), Kasturi and Stepanek (1974), and Chung
and Mills (1974), to name a few, have measured absorption
rates to highly sheared liquid flows in horizontal or vertical
orientations. The results for 40 < m < 700 may be summarized
as

0.1 <KSc'*<0.2 §))]

where K is the average mass transfer rate made dimensionless
with the liquid-side friction velocity and m is the film thickness
made dimensionless using the friction velocity and the kinematic
viscosity. It is noted that for many of the individual data sets, K
changes very little with m. The range of X in Eq. 1 is due mainly
to disagreement among different investigations as to the value of
this asymptote. As mentioned above, these rates are typically
about an order of magnitude larger than an analogous film with-
out gas shear.

Very similar behavior has been observed by Jensen and Yuen
(1982) for the condensation of steam onto a subcooled, concur-
rently flowing liquid layer. Their data can be summarized by

0.1 <HPr*<0.2 2)

where H is the average heat transfer coefficient scaled with the
friction velocity and Pr is the Prandil number. The transfer
coefficient ranges of Egs. 1 and 2 are nearly identical, and it is
therefore very possible that similar mechanisms control the
scalar transport process. This result is surprising since Sc is ordi-
narily much greater than 10 so that the concentration boundary
layer region is confined to a very thin region near the interface,
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whereas with Pr typically between 10° and 10, the thermal
boundary layer will extend much farther from the interface.

Studies to determine the interfacial hydrodynamics have been
limited by the presence of interfacial waves. The velocity field
measurements of Caussade and Souyri (1986) and Fabre et al.
(1984) have revealed some bulk hydrodynamic properties, but
the flow field in the interfacial region has not been experimen-
tally characterized. The origin of velocity fluctuations and their
role in enhancing mass transfer rates over pure diffusional val-
ues must consequently be inferred from intuition and a physical
understanding of the processes that occur near the surface.
Many investigators have speculated that the source of important
velocity fluctuations is due to wall- or interfacially generated
turbulence, or possibly wave-induced mixing, and have devel-
oped conceptual models for use in interpreting measured rates.
A decade ago, Henstock and Hanratty (1979) reviewed much of
the literature up to that point. Their analysis of the various mod-
els indicated that almost all were capable of fitting experimental
data with reasonable degrees of success but that no definitive
predictive procedure was available that would calculate mass
transfer coefficients from hydrodynamic information alone.

McCready and Hanratty (1985) noted that variation in inter-
facial shear stress caused by a turbulent gas flow over small-
wavelength waves induced velocity fluctuations in the liquid at
close proximity to the interface. If these fluctuations are suffi-
ciently strong, they can be quite effective in enhancing mass
transfer. The shear stress measurements and theoretical predic-
tions of Thorsness et al. (1978) and Abrams and Hanratty
(1985) for flow over a solid wave train, which indicate that the
stress variation may be as large as 50% of the average stress for
even small-amplitude waves, were used to evaluate this mecha-
nism. Values of the magnitude of the induced velocity fluctua-
tions appeared to be greater than fluctuations caused by turbu-
lent eddies approaching the interface or oscillations caused by
wave motions. The application of these solid-liquid wave shear
stress measurements to gas-liquid waves should be a good
approximation since the liquid-to-gas viscosity ratio is of order
102, Hanratty (1983) has shown that the use of these values to
describe gas-liquid interfacial conditions in linear stability anal-
yses produces good predictions of the point of incipient stability
as well as the fastest growing wavelengths.

Mass transfer rates measured by Aisa et al. (1981), Henstock
and Hanratty (1979), and McCready and Hanratty (1985) may
be schematicized as in Figure 2, which depicts a change in mass
transfer rate behavior around m = 40. This corresponds to a
liquid Reynolds number, Re;, based on four times the film
thickness, of about 1,750. In region I of Figure 2, rates are
approximately given by the relation of Eq. 1. These rates are
characterized by an invariance as the dimensionless film thick-
ness m increases. Since Re, increases with m, the film becomes
increasingly turbulent as m increases. However, the mixed state
of the film apparently offers no resistance to scalar transport
and changes in the bulk turbulence do not affect the mass trans-
fer rates. Mass transfer coefficients scale with the degree of
interfacial shear and the major transport resistance will be
through the very thin concentration boundary layer region near
the interface. Consequently, a complete description of mass
transfer in this region can be obtained by study of the behavior
within the concentration boundary layer.

For thinner films, regions Il and III in Figure 2, mass transfer
rates decrease by as much as an order of magnitude. The drop-
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Figure 2. Average mass transfer rate (K) regimes as a
function of dimensionless film thickness m.

off with m is undoubtedly a resuit of the suppression of second-
ary flows in the film, which must approach laminar film
behavior. Solutions of the two-dimensional, steady state advec-
tion-diffusion equation for mass have been carried out by several
researchers for different flow configurations to investigate the
nature of laminar film mass transfer. In the present study,
eigenvalue solutions similar to those of Rotem and Neilson
(1969) are formulated for the flow field of Figure 1.

Numerical and Analytical Studies. In a series of papers,
Stewart and coworkers (Stewart, 1963, 1987; Stewart et al.,
1970; Stewart and McClelland, 1983) have investigated convec-
tive heat and mass transfer by examining analytical solutions of
the advection-diffusion equations for numerous flow configura-
tions. Their solutions demonstrate the effect of various proper-
ties of the velocity field on mass transfer rates. For situations
where the controlling velocity field is known, good qualitative
and in some cases quantitative predictions of transfer rates are
achieved. This work clearly shows that it is appropriate to use
balance equations as a basis for all theoretical investigations of
mass or heat transfer because better characterization of the fun-
damental behavior can be determined from solution of the gov-
erning equation than from conceptual models.

From the work of Polhausen (1921), it can be seen that solu-
tions of the advection-diffusion equation are greatly simplified
for large Schmidt number because the concentration boundary
layer thickness, 8., will be very thin relative to the hydrodynamic
boundary layer thickness, §,. As a consequence, the velocity
field in the interfacial region may be approximated as a trun-
cated Taylor series expansion about the interface. Numerical
simulations of mass transfer at a solid-liquid interface have been
done by Brodkey et al. (1978) and Campbell and Hanratty
(1983) and at a gas-liquid interface by McCready et al. (1986).
In all these studies the advection-diffusion equation was solved
for a finite domain corresponding to the concentration boundary
layer with the thickness of the domain being chosen more or less
arbitrarily, as it was thought that its value did not significantly
affect the computations. However, Back and McCready (1988)
recognized that the value chosen for the concentration boundary
layer thickness does influence the computations and they pro-
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vided an unambiguous procedure for choosing it. They note that
because the average total flux is not a function of distance from
the boundary, the time-and-space averaged value of the diffu-
sive flux at the interface must equal a similarly averaged value
of the convective flux at the outer edge of the concentration
boundary layer where net diffusion is negligible.

The interest of the present study is to explain the interfacial
mass transfer behavior observed for cocurrent gas-liquid flows,
Figure 2, and to address several general issues that arise in tur-
bulent mass transfer. From measurements of wave amplitude
spectra, the interfacial stress, and knowledge of the flow rates
and depths of the two phases, accurate and direct computation
of mass transfer rates at a gas-liquid interface is done. The
velocity field used in the finite difference solutions is computed
from reconstructions of the interface shape obtained by inverse-
Fourier-transforming the wave spectra and performing an ana-
lytic solution of an Orr-Sommerfeld equation that incorporates
the shear stress variation due to gas flow over interfacial waves.
By comparing one- and two-dimensional solutions of the unaver-
aged advection-diffusion equation for mass, the velocity compo-
nent normal to the interface is found to exert a dominant contri-
bution to mass transfer. As a result, mass transfer rates are
found to be a strong function of the normal velocity statistical
properties very near the interface. With no adjustable parame-
ters, numerical predictions of mass transfer coefficients are
found to agree quite well with measurements for thick films—
region 1 of Figure 2. The limiting behavior of mass transfer rates
for thinner films is also predicted from an eigenvalue solution of
a horizontal laminar film.

Theoretical Development
Film physics

Figures 3a and 3b show the hypothesized difference between
a thick, well-mixed film and a near-laminar film, respectively.
In Figure 3a, the bulk is completely mixed to some dimensional
homogeneous concentration c,, (it should be noted that 4, has
been greatly exaggerated in this figure). The bulk concentration
will extend throughout the film, except within the concentration
boundary layer near the gas-liquid interface. Of particular con-
cern is the behavior of mass transport at the gas-liquid interface.
The concentration boundary layer at this interface, 8, will be
the dominant resistance to absorption or desorption if the film is
sufficiently mixed. Since é, is very thin, normal velocity fluctua-
tions generated right at the interface should be extremely effec-
tive in enhancing mass transport to and from the interface. The
cellular flow field set up by shear stress variations, 7*, over the
waves is sketched for an instant in time.

For thinner films, the secondary flows will dissipate and the
film will no longer be homogeneously mixed. The concentration
and hydrodynamic boundary layers will then begin to encom-
pass the entire film, as illustrated in Figure 3b. Accordingly, to
understand mass transport to these films a study of the entire
film is necessary.

Interfacial mass transport in turbulent
well-mixed films

Because measurements of surface waves present at sheared
gas-liquid interfaces reveal that the amplitude-to-wavelength
ratio a/\ is of order 1073-10~', and from mass transfer mea-
surements the concentration boundary layer thickness is esti-
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Figure 3. Gas-liquid flow.
(a) Turbulent well-mixed film
(b) Thin near-laminar film

mated to be typically much less than 10~* m, the effect of curva-
ture will be neglected. In addition, the time scale for the flow
within the waves which causes the scalar transfer relative to the
interface is much shorter than any evolution (e.g., growth or
decay of waves) so that waves can be viewed as steady traveling
forms that propagate without change of shape. Under these con-
ditions, it is appropriate to formulate the problem using a coor-
dinate system located on the interface and moving with the aver-
age tangential speed of the interface.

The concentration field is related to hydrodynamics through
the advection-diffusion equation for mass:

ac 1
= . = — V.
Frs vV - (uc) Ve 3)

The dimensionless concentrations ¢(x, y, z, t) is defined as (¢, —
cip)/(c¥ — c;p), where ¢} is the dimensional interfacial concen-
tration, ¢, is the bulk concentration, and ¢; = ¢,(x, y, z, £). All
other variables in the foregoing discussion are made dimension-
less with the liquid interfacial friction velocity and v, the kine-
matic viscosity. The vector u is the velocity field (u, v, w), t is
time, and the coordinate system is oriented such that y is normal
to the interface and increasing into the liquid, and x denotes the
tangential, or flow, direction. The dimensionless convective
mass transfer coeflicient, k, is defined as

1 [dc
k- (5)y_0 @

From Eq. 3, k will be a function of Sc and the magnitude and
frequency of individual velocity fluctuations that thicken and
thin the boundary layer region.
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Equation 3 is linear in concentration. As a consequence, it
should be possible to define average properties of the concentra-
tion which depend upon the statistical behavior of the forcing
velocity field and not on specific instantaneous events or initial
conditions. The velocity fluctuations that control mass transfer
are expected to be related to the wave surface properties through
the velocity field in the immediate vicinity of the interface.
Therefore, a mass transfer coefficient based on the average
interfacial concentration gradient, which is also the temporal
and spatial average of k, can be determined from statistical
properties of the velocity field as

K=f[§2(av.f’ X A)’./;‘(ahf; X )‘)5 SC] (5)

where 8 is a characteristic variance, or “energy,” of the interfa-
cial velocity field, and f, is a characteristic frequency (which
should represent a frequency range of dominance in the hydro-
dynamic field), each a function of the wave amplitude a, fre-
quency f, speed x, and wavelength . It is noted that the nature
of the function f must be determined by solution of Eq. 3.

A two-dimensional surface is assumed, noting the possible
extension to a three-dimensional regular surface by Squire’s
(1933) transformation. In the moving coordinate the resultant
two-dimensional velocity field condenses to the fluctuations
u'(x,y,t) and v'(x, y, 1), and Eq. 3 reduces to

' ‘¢ e 9

FECRIECOIN N

The boundary conditions employed for a solution are
aty=0, ¢c=0 (6b)

aty =94, c=1 forv'(x, y, 1) <0
dc/dy =0 forv'(x,y, ) >0 (6¢)
atx =0, dc/ox =0 (6d)
atx =x;, dc/ox =0 (6¢)

The computer time required for solution of this problem could
be greatly reduced if Eq. 6a were reduced to

dc . ove 1 d%c
at dy  Scoy?

(7a)

with the boundary conditions of Egs. 6b and 6c. As written, Eq.
7a violates the continuity equation. However, Stewart et al.
(1970) demonstrated that the influence of the normal compo-
nent of the velocity field on the resulting transfer rate is much
greater than the tangential component. Also, Campbell and
Hanratty (1983) found that Eq. 7a gave essentially the same
behavior as a two-dimensional equation. It is of interest to deter-
mine why this occurs. Consequently, numerical simulations
using both Eq. 6a and Eq. 7a will be compared.

The boundary condition of Eq. 6¢ (previously used by Camp-
bell and Hanratty, 1983) is used because of its physical signifi-
cance when viewing the concentration boundary layer as a sepa-
rate entity from the bulk at concentration ¢ = 1. That is, bulk
fluid of concentration ¢ = 1 enters the region §, during an inflow
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toward the interface. During an outflow from the interface, the
concentration is not known at the edge of &, and dc/dy is
expected to vanish.

In order to solve Eq. 6 or 7, it is necessary to define é, in a
consistent and plausible manner. This can be done by recogniz-
ing that the time-averaged mass flux at y = 8, is due almost com-
pletely to convection (because the concentration gradient is very
close to zero) and must equal the interfacial flux, which is
caused by pure diffusion. Since the convective flux is monotoni-
cally increasing (until it reaches the value of the diffusive flux at
the interface) away from the interface, 8. can be defined as the
smallest y at which the convective flux is equal (within 1%) to
the interfacial flux.

Allowing c to be composed of an average and fluctuating part,
¢ = C + ¢/, the time averages of Eqs. 6a and 7a are

a{v'c’) N a{u'c’) 1 62_C N ?_2_9 ®)
dy ax  Sc\dy?  ox?
and
(PN 2
a{v'c’) _ LE ©)
ay Sc dy?

where () denotes a time-averaged product. If Egs. 8 and 9 are
integrated over 6,, defined from the region where diffusion dom-
inates (v’ = 0 at y = 0) to the region in which convection domi-
nates (dc/dy ~ 0 at y = §,), the result is

a(u'c’))dy

1 5 (07
+§fo (ﬁ)dy (10
K= —(vc),, 11

These equations are interpreted as a balance between diffusive
and convective fluxes, and are used in numerical solutions to
define both §, and the average mass transfer coefficient, XK. In
two dimensions, K is defined as the average of K(x), Eq. 10, over
x. It is noted that because the bulk concentration is changing
very slowly in the x-direction, the value of §_in Eq. 10 is constant
with x.

For large Sc, 6, is very thin and completely contained within
the hydrodynamic layer, §,. The velocities will be approximated
by a Taylor series expansion about the interface, y = 0:

o'
(x, 9, 8) =0, — o(? 12
v(x, p, 1) vyo+y(ay)_o+ (670) (12)
and
’ ’ au, 2
wWix,y,t) =u', o+ 5 + 0y (13)
Y [y=0

Truncating to one expansion term and noting that v',_, is the
surface wave normal velocity, the velocity field within the sur-
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face of the liquid is expressed as

a 2
V(X p, 1) = y(a—") = B(x, )y (14)
Y Jy=0
and
wWx,y,t) = u,_o=vy(x1) (15)

In accordance with the preceding discussion, the statistical
properties of 8(x, ) will be of primary interest when studying
and understanding the behavior of Eq. 6a or 7a.

Velocity field for thick, well-mixed films

The discussion and formulation to this point are valid for any
velocity field present in the thin interfacial region within a sur-
face wave. For the present work, the interaction of the turbulent
gas flow and the waves is assumed to be causing the velocity
fluctuations that will control the mass transfer rate. Velocity
fluctuations due to bulk turbulence and wave mixing effects are
thought to be of much lesser magnitude near the interface and to
act only to mix the film far away from the interface. In addition,
consistent with studies of waves by Cohen and Hanratty (1965)
and Gastel et al. (1985), the effect of turbulence on the Orr-
Sommerfeld formulation is also neglected. The good agreement
with experimental growth rates and linear wave speeds observed
in their studies provides adequate justification for this approxi-
mation.

Because the concentration gradient is confined to a very thin
region near the interface where inertial effects are expected to
be small and the wave slopes (i.e., a/)) are also small, the veloc-
ity field used in the calculations will be constructed from a linear
superposition of waves. As shown by Back and McCready
(1988), such a velocity field can be formulated from an Orr-
Sommerfeld equation:

2
—ia[x — U(y)] (1-1—; - azF) — iaFU”
dy

The function F(y) has been defined from a two-dimensional
continuity equation with

V(x,p,t) = —iaF(y)e > (17)
and

dF(y) eia(xvxl)

& (18)

u(x,py, t) =

Solutions to Eq. 16 given by Cohen and Hanratty (1965) and
Gastel et al. (1985) for large am?x consist of two viscous and
two inviscid parts and are written as:

F(y) = Aje” + Aje ™ + A,G(y)e” + A,G(y)e™® (19)
with

Gy(y) =1 — iaU'(O)(Sys™ + y’s™)/4 + - - -
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and

Gy) = 1 + iU (m)[50m ~ »)g™?
—(m - Vg A

where i = (—1)'2, ¢* = —iax, and 5* = —ia[x — U(0)]. The
complex roots of 5 and g are chosen so that Real [(¢%)'/*} < 0
and Real [(s*)'/*] < 0. The boundary conditions descriptive of
the gas-liquid system are the kinematic condition at the inter-
face, a gas-liquid shear stress match at the interface, and the no
slip condition at the solid boundary. In mathematical form,
these boundary conditions are

aty =0, F=a[x ~ U(0)] (202)
aty =0, F"(0) + a’F(0) = 7(0) (20b)
aty=m, F(m)=0 (20c)
aty=m, F'(m)=0 (20d)

respectively. The variable 7(0) is the magnitude of the shear
stress variation (SSV) at the interface; its value will determine
the strength of the normal velocity fluctuations. Upon solving
for the constants 4,, 8(x, t) and ¥{x, t) of Egs. 14 and 15 may
be rewritten as

B(x, 1) = —icdaA, — A,) + Asls — ia5U'(0)s~?/4] +
—AJq + iaU'(m) (5972 + 3mq~" — mM)/4]}e"=>"  (21)

e ) = 260x, ) 22)

with Real (Eq. 21) and Real (Eq. 22) being the velocity field
used in solutions of the advection-diffusion equation. It can eas-
ily be verified that the constants A4, all involve 7(0) in the
numerator, which greatly affects the magnitude of 8% As sug-
gested by Eq. 5, this velocity field is a function solely of wave
parameters a, a, and x since 7(0) = a - f(a?), where p > 0. The
surface spectral parameters a, o, and x are computed with a
measured wave amplitude spectrum utilizing a dispersion rela-
tion discussed in detail by Back and McCready (1988).

Interfacial mass transport for laminar films

The obvious lower limit on transfer rates is a laminar, non-
wavy film. For this case, analytical predictions of mass transfer
rates are possible. Previously, Eq. 3 has been scaled with the
appropriate hydrodynamic scales near the interface, v* and ».
For a laminar film, the bulk fiuid is not completely mixed at
some homogeneous concentration. Consequently, the hydrody-
namics of the entire film influence the concentration field, and
Eq. 3 should be rescaled with more relevant film variables, m
and U(0). Film thickness data presented by McCready and
Hanratty (1985) suggest that the velocity profile for a thin,
sheared film at low Reynolds numbers should be nearly linear.
Assuming a linear mean velocity profile, U(y) = U(0)
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(1 — y/m), and no secondary flows, Eq. 3 becomes

dc 1 (8¢ d%
"3 Pe (agf2 * a:;’) (23)
where n = (1 — y/m), { = x/m, and Pe = [Sc U(0)m]. Equation
23 is expected to govern very thin films in which the secondary
flow patterns have dissipated, and a concentration gradient
extends throughout the film.

The boundary conditions ascribed to Eq. 23 are

atf=0, c(0,7)=c (24a)
atf=o, cfoo,n) =0 (24b)
atg=1, c(f,0)=0 (24c)
atn=0, dc/dn=0 (24d)

Following the method of Rotem and Neilson (1969), who solved
the case of a parabolic profile, the eigenvalue solution to Eq. 23
which satisfies the far-field film saturation condition, Eq. 24b,
is

o, m) = kZ B, H,(n)e " @5)
-0

where H,(n) are the eigenfunctions, and A, are the eigenvalues.
Applying the remaining boundary conditions, H,(n) is found in
terms of the Airy functions and their derivatives, 4i, Bi, and A{',
Bi', respectively. The solution is written as

. Ai'(p) .
H(n) = Ai[6(n)] — Bia) Bi[6(n)] (26)
where
B = —NPn + 2% @
* Pe?
and
A4/3
p=- PLez (28)
The characteristic equation is
. Ai'(y) .
0=Ai[8(1)] - B () Bi[6(1)] 29)
and the constants B, are given as
S HAB16()co d
2 (30)

B, = :
fo H,[0(n))0(n) dn

For a typical solution, 10 to 20 terms in Eq. 25 are used such
that ¢({, n) varied by no more than 0.01% with the next expan-
sion term. Figure 4 shows concentration profiles calculated for
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Figure 4. Average concentration profiles in y for dif-

ferent x, computed from Eqs. 24-25.
Pe = 7.25 x 104 U(0) = 10.4; m = 12.0; S¢ = 580

Pe = 7.25 x 104, U(0) = 10.4, m = 12.0, and Sc = 580. As
expected, these profiles display the increasing saturation
(c— 0) of a film as the distance from initial contact with A
increases.

Numerical Solution for Well-mixed Films
Velocity field construction

The velocity field given by Egs. 17 and 18 is a function of one
particular set of Fourier component wave parameters. Since the
actual wave surface will be composed of numerous wave spectral
sets, any velocity field associated with these wave properties will
also be composed of numerous sets. For the region very near the
interface where the resistance to mass transfer is located, vis-
cous forces will dominate inertia and it will consequently be
assumed that the velocity field can be expressed by a superposi-
tion of the effects of all waves present in the wave spectrum. A
realistic transient and spatially dependent velocity field may
then be reconstructed from a linear sum of the spectral compo-
nents given in Eqs. 17 and 18. For example, the normal velocity
is given by

v(xp 1) =2 B(x, 1)y 31

where g, is obtained from Eq. 21 and N is the total number of
modes in the spectrum. Statistical properties of this recon-
structed transient velocity field may then be scrutinized.

Figure S shows the magnitudes of the complex-valued spec-
tral density functions for wave amplitude, |®,(f)|, and the
reconstructed time-varying part (8) of the normal velocity,
{®;(f)]. The spectral estimates of Figure 5b should be viewed
as having a one-to-one correspondence with each point in Figure
5a; each point in Figure 5b is derived from Eqgs. 14 and 15 uti-
lizing the wave parameter set corresponding to the wave spectral
set {f, |®,(f)|}. The effective hydrodynamic frequencies [i.e.,
large {®,( /)] are shown to be neither high nor low wave fre-
quencies, but rather some intermediate frequency. These effec-
tive waves typically have a wavelength of about 1 ¢m, and an
Eulerian frequency of 10-30 Hertz. The spectrum of 8 will be
described by a variance 387, given as

g = f " @) df. (32)
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Figure 5. Typical spectral density functions.
(a) Measured wave amplitude
(b) Time variation of the normal velocity 8 computed from Eq. 21
using wave amplitude-frequency sets

Our calculations of average mass transfer coefficients for gas-
liquid interfaces have indicated that the frequency content of
the velocity field acts through a characteristic frequency that for
practical purposes is the median of the frequency domain. It is
noted that this is not a general result. The characteristic fre-
quency may be a much more complex function for other flow
situations. The median frequency, f,,, is defined as

S = f " f1%, df/B? (33)

and will essentially represent a weighted range of dominant fre-
quencies. As mentioned previously, numerical solutions reveal
that the normal velocity component is of dominant importance
to mass transfer. Consequently, the values of 8% and f,, may be
viewed as the hydrodynamic statistical variables of greatest
importance when examining gas-liquid interfacial mass trans-
port.

Finite difference solutions

For highly convective flows, convective scalar terms in mass
(or heat) balances are generally represented with finite differ-
ence schemes involving upwind differences. This class of differ-
ence schemes stabilizes solutions, transports mass in the direc-
tion of convection (transportive property), and increases the
speed of solution convergence. Diffusive terms are represented
by centered differencing, which is second-order accurate in
space, and the temporal term of Egs. 6 and 7 is forward-differ-
enced so as to produce an implicit algebraic equation. Implicit
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schemes are unconditionally stable by nature and require solu-
tions of tridiagonal matrices to advance the time level.

Past numerical analyses of mass transfer at solid-liquid inter-
faces by Campbell and Hanratty (1983) and McCready et al.
(1986) involved upwind difference schemes for convective terms
of Egs. 6 and 7, which were first-order accurate in space, and did
not possess the conservative property. As discussed by Roache
(1972), a scheme posseses the conservative property if integral
conservation relations of the continuum equations are preserved.
It is this property that is found to have the most consequential
effects on the numerical solutions of the advection-diffusion
equation. In this study, an upwind difference scheme sometimes
called the “second upwind difference” or “donor cell” is used for
convective terms. This scheme possesses the conservative prop-
erty, and is pseudosecond-order accurate in space for regions
where scalar gradients are small. This scheme for some scalar y,
velocity W, and space coordinate Z is implemented at an arbi-
trary grid point i as follows:

[a(j;V)l _ ¥ WRA—Z W, (34)
with
We= (W, + W)/2
W= (Wi + W)[2
and

Y=Y if Wp>0, Yp=vy,, if Wa<0
¢L=¢iifWL<0s ¢L=¢i‘lifWL<0

If, for example, the concentration field is slowly varying with
W, and W, greater than zero, then Y, = ¥, = ¢, and Eq. 34
reduces to

W — Wik (35)

VA 20Z

dum) _ v
-

which is second-order accurate in the convective field. The
unconservative upwind difference scheme used by Campbell
and Hanratty (1983) and McCready et al. (1986) unrealisti-
cally produces “zero” convection in regions of a slowly varying
scalar, dy/dZ — 0. The scheme implemented for the convective
term of Eq. 34 by these investigators has the form:

a(yw) Y
[ dz Ji - (32_): e (36)

where w, is some average velocity about the grid point i, with e
taken as i + 1, depending on the direction of the upwind at the
particular time step. If the concentration field is slowly varying,
Eq. 36 approaches zero. Therefore, no convection will exist in
the solution scheme if the concentration gradient is small and
diffusion will tend to smooth out these gradients. OQur numerical
work has shown that Eq. 10 or 11 cannot be satisfied if the con-
vective term representation of Eq. 36 is used because convection
is prevented from dominating in regions where the concentration
gradient is small. For example, near y = §, it is physically rea-
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sonable that convection should dominate since d¢/dy ~ 0. How-
ever, the use of Eq. 36 will not allow this to occur. Even if the
concentration difference between grid points is small and little
concentration change occurs due to the local convective flow, the
numerical formulation must allow mass to be convected or the
physical picture assumed when an upwind scheme is used will be
violated.

Solutions of Eq. 7a and Egs. 6b and 6c involve the evaluation
of one tridiagonal matrix at each time step. For a typical one-
dimensional computation, 100 normal direction divisions, and a
maximum of 10,000 time steps were required to insure statisti-
cal and spatial convergence of the concentration field. To satisfy
Eq. 11, it was necessary to iterate on the assumed value of §,.
This proved to be a straightforward task. If §, was too small, the
convective flux was less than the diffusive flux and further
decreasing 6, would make the diffusive flux even larger and the
convective flux lower. Alternatively, if the value of 6. was chosen
too large, the convective flux exceeded the diffusive flux and if 3,
was increased further, the diffusive flux would decrease and the
convective flux increase. It was found that all of the boundary
conditions and Eq. 11 could be satisfied at only one value of 4,
for each set of experimental variables.

For solutions of Eqs. 6a—6e, the alternating-direction-implicit
(ADI) method of Peaceman and Rachford (1955) is used. This
method avoids iterative solutions of a pentadiagonal matrix by
splitting the time step between two subordinate mass balance
equations. Time advancement then requires the solution of two
tridiagonal matrices. For statistical convergence of the transient
and spatial concentration field in Eqs. 6a—6e, 100 normal direc-
tion and 50 tangential direction divisions are used, along with a
maximum of 4,000 time steps. The CPU time required for a
two-dimensional solution was approximately 10 times that con-
sumed for a one-dimensional calculation when using the same
machine. Variations of first and second kind boundary condi-
tions for Egs. 6d and 6e were found to have negligible effect on
the computed concentration field. The value of x, used in com-
putations was taken as 10% This value was chosen so that the
concentration and hydrodynamic scales from the largest and
smallest wavelength waves on the surface were resolvable and
unsmoothed. Values of x; that satisfied this criteria had an
insignificant effect on computed mass transfer rates.

The time increment, A¢, for both one- and two-dimensional
solutions was chosen so as to fulfill the Nyquist criterion for the
highest frequency found in the reconstructed velocity spectrum.

Thus,

1

At =
meax

(37

where f,,, is the maximum dimensionless frequency of the wave
amplitude or velocity field spectrum. In Figure 5, f,.. would be
roughly 0.5, so that Az would be approximately 1.0. Dimen-
sionally, this corresponds to a time step of 3.6 x 107*s. All sta-
tistical evaluations of the transient fields were performed with
IMSL FFT subroutines.

Statistical and averaged behavior of solutions to one-
and two-dimensional equations

Understanding the effect of hydrodynamics on interfacial
mass transport reduces to an analysis of the statistical properties
of the velocity field and mass transfer coefficient. The important

AIChE Journal



hydrodynamic statistical properties are §° and f,,, defined by
Eqgs. 32 and 33. The most important statistical property of the
mass transfer coefficient is the time average of Eq. 4 defined as
K. Other significant properties of k(¢) are its mean frequency

fe- f “f18,] df/k? (38)

where |®,( /)] and k’ are the spectral density function and vari-
ance of k (1), respectively and the intensity of mass transfer rate
fluctuations

k== (39)

Based on continuity arguments, it would be expected that the
term d{u'c) /dx would be of the same order of magnitude as
d(v'c) /dy. However, numerical simulations done by Campbell
and Hanratty (1983) demonstrate that a one-dimensional model
equation, which contains only normal direction convection gives
essentially the same behavior as the two-dimensional equation
for the calculation of average transfer coefficients. Since the jus-
tification for using a one-dimensional equation cannot be that
one convective term is smaller than the other, another explana-
tion must be sought. Figure 6 displays instantaneous tracings for
d{u'c) /dx and 8(2v'c) /dy at an interior grid point, x/x, = 0.58
and y/é, = 0.49. As expected, the instantaneous magnitudes of
these convective terms are similar. However, it is the x-space
average of the integral over §, that is important in determining
the average mass transfer rate [x-space average of K(x) in Eq.
10]. The x-space averages of the first and second terms on the
righthand side of Eq. 10 are 7.216 x 10~ and 1.404 x 1074,
respectively. It is noted that the magnitude of the third term on
the righthand side of Eq. 10 is 1.597 x 10~%, which contributes
negligibly to overall mass transport in the layer. These values
reveal that the net mass flux contribution over the domain from
the 8(u'c) /dx term is at least a factor of 50 smaller than the
contribution from d{v'c})/dy. Although d(1/c) /6x may contrib-
ute to mass convection at a given point in the flow field, this term
does very little in the overall mass transport process. One may
then conclude that the use of a one-dimensional advection-diffu-
sion equation in mass transfer studies is valid for determination
of transfer rates because the important mass transfer physics are
contained in this normal-direction equation.

As expected, the transient behavior of k(¢) is very similar for
one- and two-dimensional calculations. Figure 7 compares the

o XX, = 0.58
02 y/d, =0.49
a(u'c) [
—ax— [-—-—] 0.1
or 0.0
d(v'c)
ay [ ] 0.1

-0.2
2400 2420 2440 2460 2480 2500
t- time

Figure 6. instantaneous magnitudes of convective terms
in 2-D advection-diffusion equation for mass,
Eq. 6a.
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nature of k(¢) from one- and two-dimensional solutions using
equivalent velocity fields. Spectra of these temporal tracings are
shown in Figure 8. It is obvious from the tracings of Figure 7
that k(¢) does not respond equivalently to all frequencies of 8(z),
since f, is about 40% of f,,. In other words, the most dominant
mass transfer coefficient fluctuations have a frequency content
that is about 40% of the most dominant normal velocity fluctua-
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Bt} o i
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Figure 7. Instantaneous normal velocity gradient 8 and
resultant instantaneous mass transfer coeffi-
cients k.
Figure 7a. 1-D calculation using Eqgs. 4 and 7a.
Figure 7b. 2-D calculation using Eqgs. 4 and 6a.
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(a) 1-D computation of Figure 7a
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tions. As is evident from Figures 7 and 8, k(¢) responds most
dramatically to low-frequency components of the normal veloc-
ity component, 3(t). If all hydrodynamic frequencies were
equally effective, the spectral density functions |®,(f)| and
{®,( f)| would be of similar shape. Figure 8 shows the dissimilar
nature of these functions for f > 0.02 where the spectra of the
mass transfer coefficients are seen to decay more rapidly than
that of the velocity gradient. Details about the effectiveness of
various hydrodynamic scales will be discussed in a later paper.
Figure 7 depicts a clear correlation between maximum normal
velocity inflows (8 < 0) and a peak in the mass transfer rate.
This is interpreted as a steepening of concentration profiles as
bulk fluid at concentration ¢ = 1 penetrates toward the surface.
As fluid retreats from the interface, the concentration gradient
relaxes and the mass transfer rate decreases. In Figure 7, the
average mass transfer rate [K}, k,, and f; for each are also
shown, and are nearly equivalent to one- and two-dimensional
solutions. The major differences are for k;, which is observed to
be qualitatively smoother due to the effect of tangential convec-
tion.

Figure 9 illustrates the general appearance of the mean con-
centration profiles computed from the one- and two-dimensional
advection-diffusion equations. For the two-dimensional solu-
tion, this is the mean concentration profile in y averaged over all
x locations. These profiles are shown for a value of 8, where con-
vective and diffusive transport are matched (Eq. 10 and x-space
average of Eq. 11). It is reasonable to expect that some differ-
ence in appearance will exist between one- and two-dimensional
solutions. The spatial region of major difference would intui-
tively be that in the outer region of §, where hydrodynamics have
a much more influential role. This tangential “smoothing” or
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1.0

Figure 9. Mean concentration profiles.

0O 1-D advection-diffusion equation; ® 2-D advection-diffusion
equation

“mixing” effect on C(y) is observed in Figure 9, where C(y)
from the two-dimensional calculation is less steep for large y. It
should also be noted that a time-averaged value for C(8,), for
both one- and two-dimensional solutions, that does not equal 1 is
expected and is consistent with the present formulation. The
location of . will be at the point where the concentration gra-
dient is nearly zero and the convective flux has a value equal to
the wall flux. Because of boundary condition Eq. 6c, the value of
the time-averaged concentration at this point is determined by
inflows where ¢(3.) = 1 and outflows that have a somewhat
lower concentration.

Another possible boundary condition would be for ¢(8,) = 1~
for an inflow and outflow, thus fixing the concentration at the
outer boundary. This, however, does not allow for dc/dy ~ 0 at
y = é,, and consequently Eq. 10 or 11 cannot be satisfied. Since
it is physically reasonable that the shape of the concentration
field will be quite different for an inflow (resulting in a very
steep gradient) and an outflow (resulting in a nearly gradient-
less profile), boundary condition Eq. 6¢ allows for more freedom
in this variation since ¢(8,) is not forced to be 1 for an outflow.

Comparison with Experiments

'Using wave amplitude spectra obtained from experiments in a
gas-liquid flow system by McCready (1984) and McCready and
Hanratty (1985), mass transfer rates are computed from Egs. 6
and 7, with Egs. 21 and 22 in Eqs. 14 and 15, respectively. The
results are compared to the correspondingly measured mass
transfer coefficients of McCready and Hanratty (1985). It is
worth repeating that these computed rates are calculated
directly from wave amplitude spectra using only measured
hydrodynamic variables. Figure 10 shows a comparison of
numerical and experimental K Sc'/* values for two different gas
Reynolds numbers for water and 20 wt. % glycerine/water
films. Both one- and two-dimensional results are shown in Fig-
ure 10a to illustrate the small difference that results from the
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use of the simplified equation. Figures 10b, 10¢, and 10d are fur-
ther comparisons of experimental mass transfer coefficients
with one-dimensional finite-difference solutions.

For the cases where water is the liquid, the predicted mass
transfer rates are generally within 50% of the measured ones
and often much better. We note that as expected, the well-mixed
model cannot predict the sharp drop that occurs as m is
decreased, and the film could be described as being in regions I1
or I11 of Figure 2. In Figure 10a the calcuation predicts values of
the mass transfer coefficient that are a factor of 3 too large for
very smail m.

Values of X for glycerine/water films are found experimen-
tally to be much larger than those for pure water films and to
always increase with m (for a more comprehensive display of
experimental data see McCready and Hanratty, 1985). For the
range of available experimental conditions, these films can prob-
ably always be categorized as being in regions II or III. The
numerical calculations correctly predict larger values for K than
for water and as expected, cannot predict the fast decrease in X
with m.

The magnitude of measured mass transfer coefficients to
thinner films can be explained from the eigenvalue solution
given earlier in the section on interfacial mass transport for lam-
inar films. In Figure 11, experimental K’s are compared to ana-
lytic solutions for experimental conditions from Figure 10 which
approximately satisfy the laminar flow assumptions. These solu-
tions predict K Sc'/? to fall somewhere between 1.0 x 10-2 and
2.0 x 1072 which is in the range of measured rates and about an
order of magnitude smaller than for thicker films.

Discussion

The results presented above provide evidence from which to
determine both the overall picture of mass transfer to a sheared
liquid film and the specific mechanism that is of dominant
importance in causing the effective velocity fluctuations. Previ-
ously, McCready and Hanratty (1985) had explained the drop
in their mass transfer coefficients for thinner films qualitatively
in terms of a change in the wave parameters. However, the cal-
culations presented here show that while there is a decrease in
the mass transfer rates expected for thinner films due to a les-
sening of effective wave energy, this effect alone cannot explain
the large magnitude of the drop. Quite clearly, the level of mix-
ing of the bulk film must decrease due to the diminishing level of
bulk turbulence with film thickness and Reynolds number so
that eventually the mass transfer resistance is not confined to a
thin surface region but pervades the entire film. It is seen that
the mass transfer coefficients calculated for purely laminar flow
provide a good estimate of the lower limit of the transfer rates.
To explain quantitatively the behavior that occurs between the
fully mixed and laminar limits, region II, a numerical solution of
Eq. 3 for the entire film with an accurate description of the
effects of waves on the flow field is needed.

Good agreement with measured mass transfer coefficients
alone is not sufficient grounds to justify the calculation proce-
dure. Two questions remain: How accurate is the representation
of the flow field? And is the definition of the solution domain for
mass transfer calculations correct? For the first of these ques-
tions we must rely on the linearity of the advection-diffusion
equation and the equation governing the flow field very near the
interface. The largest wave slopes are less than 10" and typi-
cally are of the order 10~ As a consequence, the flow field
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within the waves should be well represented by the Orr-Som-
merfeld equation. Because the region over which the velocity
field is needed is so thin (for typical experimental conditions 4, is
about 0.1 mm), inertial effects should be negligible and it is rea-
sonable to expect that the flow field is accurately represented by
the linear superposition of all present wave components. We
note that this would not be true far away from the interface,
where turbulence is important and where inertial effects asso-
ciated with waves would be strong. Secondly, the advection-dif-
fusion equation is linear, so its time-averaged solutions are
determined by the statistical properties of the forcing velocity
field and boundary conditions, not by any initial conditions or
specific instantaneous behavior of the velocities as might be
expected for nonlinear equations. Consequently, a velocity field
that can be used to accurately compute average mass transfer
coefficients must have only the correct behavior for the impor-
tant statistical variables, 32 and f,,. This makes reconstruction of
an accurate velocity field possible.

It is necessary to limit the solution domain if any quantitative
predictions of mass transfer rates are to be achieved unless the
entire velocity field within the film is known accurately. For the
present problem, the average layer thickness can be defined if
the velocity field is known accurately for the entire region where
transfer resistance occurs. Solution of Eq. 3 for values of y
beyond this point will reveal no further information about the
mass transfer problem. For this formulation to be correct, it is
necessary that the convection due to the Orr-Sommerfeld veloc-
ity field remain sufficiently large (at least as big as its value at
8,.) until a distance at which turbulent velocity fluctuations
would be expected to provide an even greater degree of mixing.
The qualitative trend in the experimental data suggests that this
does happen for sufficiently thick films. For thinner films ade-
quate turbulent mixing does not occur, leading to additional
resistance to transfer not included in the formulation. Conse-
quently, predictions of transfer coefficients do not decrease suf-
ficiently rapidly as the film thickness is decreased.

Use of Eq. 10 or 11 to determine 8, makes the numerical simu-
lation method self-consistent and will allow evaluation of mass
transfer rates that would result for any arbitrary velocity field
either at a mobile interface or a solid wall. Other suspect mecha-
nisms (e.g., turbulence produced near the interface or fluctua-
tions caused by surface flexing) may be investigated by the
methods outlined in this paper. Tracings shown in Figure 7 and
the spectra of Figure 8 indicate that the degree of mass transfer
is controlled by the magnitude and frequency of the velocity
fluctuations normal to the interface. The magnitudes of §°
caused by shear stress variations due to the interaction of waves
and the turbulent gas flow are large enough and f,, is in the cor-
rect range to produce the observed rates. At the very least, the
description proposed by McCready and Hanratty (1985) must
be a codominant hydrodynamic mechanism. A greater degree of
accuracy in the description of the hydrodynamics of the interfa-
ctal region could be achieved by the addition of a third dimen-
sion in the Orr-Sommerfeld analysis or the inclusion of nonlin-
ear terms. However, given the present good agreement between
measurements and calculations, this additional effort does not
appear to be warranted at least until the time when accurate
hydrodynamic measurements of the region near the interface
are available.

An interesting contribution of the numerical approach is the
insight gained about the transient nature of mass transport,
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which has not emerged in past turbulence studies involving eddy
diffusivities that attempt to relate mass transport rates to inte-
gral or mean time scales of the entire flow field. As illustrated in
Figures 7 and 8, not all scales are effective in producing mass
transfer. While use of integrals or averages of the effective
scales will give accurate quantitative values for the average
transfer rates, the physical description of the transfer process
would still be obscured because its full transient nature could
not be observed.
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Notation

Except as explicitly noted, all variables are dimensionless with the
kinematic viscosity » and the interfacial liquid-side friction velocity v*.
a = wave amplitude
a’ = variance of surface-wave height variation
A, = constants in Orr-Sommerfeld equation solution, Eq. 19 (k =
1,4)
A = denotes solute species in liquid
ADI = acronym for Alternating-Direction-Implicit
B, = eigenconstants in series solution, Eq. 25 (k = 1, )
¢ = dimensionless concentration, ¢ = (¢; — ¢,,)/c¥ — ¢43)
C = time-averaged part of concentration
¢’ = fluctuating part of concentration
¢, = initial concentration profile ¢, = ¢,(n), Eq. 24a
¢, = concentration, kg - m~?
¢4 = bulk concentration, kg - m~
¢} = interfacial concentration, kg - m~?
D = molecular diffusivity of A in liquid, m? . s~
[ = frequency
J. = characteristic frequency or range of frequencies in velocity
field
f. = mean frequency of k(¢), Eq. 38
f» = mean frequency §(¢), Eq. 33
Jwax = maximum frequency used in wave amplitude of velocity
spectra
F ~ variable that satisfies two-dimensional continuity, used to
derive Orr-Sommerfeld eq., Eqs. 17 and 18
FFT = acronym for Fast-Fourier-Transform
G, = complex function, Eq. 19
G, = complex function, Eq. 19
H - average heat transfer coefficient, Eq. 2
H, = eigenfunctions in solution to Eq. 23
i = (_ 1)1 /2
k = mass transfer coefficient
K - time-averaged mass transfer coefficient, Eq. 11 or space
average of Eq. 10
K(x) = spatial time-averaged mass transfer coefficient, Eq. 10
, = intensity of mass transfer coefficient, Eq. 39
k* = variance of mass transfer coefficient fluctuations
m = film thickness
Pe = Peclet number, Pe = Sc U{0)m
Pr = Prandtl number; Pr = v/D,, D, is the molecular thermal dif-
fusivity
q ~ defined from g% = —jax
Re, = liquid Reynolds number based on four times the film thick-
ness; Re, = 4Um/v, U, is the average dimensional film
velocity
Re; = gas Reynolds number
§ = defined from s? = —ia[x — U(0)]
Sc¢ = Schmidt number defined as »/D
SSV = acronym for Shear-Stress-Variation
t = time
u = three-dimensional velocity vector
u - tangential velocity

3

I
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U = mean component of tangential velocity
u' = fluctuating component of mean velocity
U(0) = mean component of tangential velocity evaluated at inter-
face
v = normal velocity
v' = fluctuating component of normal velocity
v* = interfacial liquid-side friction velocity v* = (7/p,)"/?, m -
s
w = transverse velocity
W = arbitrary velocity, Egs. 34-36
W, = “right side” average of W, Eq. 34
W, = “left side” average of W, Eq. 34
x = tangential direction coordinate
x, = value of x in numerical solution domain size, Eq. 6¢
y = normal direction coordinate
z = transverse direction coordinate
Z = arbitrary length coordinate, Eqs. 34-36

Greek letters

a = wave number, 2w /A
B = t and x varying part of normal velocity, Eq. 21
B? = variance of §
x = Eulerian reference frame wave speed
8, = concentration boundary layer thickness
8, = hydrodynamic boundary layer thickness
¢ = subscript in grid point location, Eq. 36
&, = complex-valued spectral density function for 2
&, = complex-valued spectral density function for 8
&, = complex-valued spectral density function for k
v = t and x varying part of tangential velocity
n = normal direction coordinate variable, (1 — y/m), Eq. 23
A = wavelength
A, = eigenvalues in series solution of Eq. 23
p = function, Eq. 28
p, = viscosity of liquid, N - s - m
v = kinematic viscosity of liquid, m? . s
6 = independent variable of Airy functions, Eq. 27
p, = liquid density, kg - m~*
7 = dimensional mean shear stress at interface, N - m~?
7’ = fluctuating shear stress at interface
7(0) = amplitude of fluctuating shear stress at interface
¥ = arbitrary scalar variable, Eqgs. 34-36
¥, = “right side” value of ¥, Eq. 34
¥, = “left side” value of ¥, Eq. 34
{ = tangential direction coordinate variable, x/m, Eq. 23

-2
-1

Mathematical operations

Ai, Bi = Airy functions of argument ¢
AP’, Bi' = derivatives of Airy functions of argument 8
] = a function
) = a time-averaged product enclosed
) = functions of order y? or larger which decay to “0” as y — 0
v = vector operator 8/0x
v? = vector operator 3°/dx*
A = linear difference operator
| | = magnitude of complex function
Real [ ] = real part of a complex function
~ = approximately equal to
— — asymptotically approaches
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